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1. INTRODUCTION 
In this paper we consider the higher order functional differential 
equation of the form 
&At) - f ~l,(~)fl,(xCs,r(~)l) = 07 
h = 1 
(1) 
and 
(2) 
where the deviating arguments g,,(t) are of general type, and L, denotes the 
general disconjugate operator 
d 1 d 1 d d 1 d --____-...___-. 
L”=drP,-,(t)dtP,+,(t)dt dt PI(t) dt (3) 
We introduce the notation 
DO(x)(t) =x(t), 
D’(x, P, )..., P,)(t) = &+-k P,,..., pj- I)(t)2 1 bj<n, (4) 
I 
where PO(t) = P,(t) = 1. 
79 
0022-247X/85 $3.00 
409~lORI-6 
Copyright 0 1985 by Academic Press, Inc. 
All rights of reproduction m any form reserved. 
80 GRACE AND LALLI 
The differential operator L, defined by (3) can then be rewritten as 
L, = D”( .; P, ,..., P, _ I). 
The domain D(L,) of L, is defined to be the set of all functions 
x: [a, a) -+ R = (-CD, a) such that D’(x, P, ,..., P,i)(t), 0 <j< n, exist and 
are continuous on [a, x). By a solution of (1) (or (2)) we mean a function 
x E D(L,) which satisfies (1) (or (2)) on [a, co ). A nontrivial solution of (1) 
(or (2)) is called oscillatory if the set of its zeros is unbounded, and it is 
called nonoscillatory otherwise. 
The study of the oscillatory behavior of solutions of higher order 
ordinary and functional equations has received a great deal of attention. As 
examples we refer the reader to papers of Grace and Lalli [l-3], Gram- 
matikopoulos, Sficas and Staikos [4], Ivanov, Kitamura, Kusano and 
Shevelo [S], Lovelady [6], Kartsatos [7], Philos [S, 91, Staikos and 
Sficas [lo], Staikos [ll] and Willett [12]. 
In what follows we are primarily interested in the situation in which 
Eq. (1) (or (2)) is oscillatory. We have been motivated by the observation 
that there are very few effective criteria for Eq. ( 1) (or (2)) with general L, 
to be oscillatory, though Eq. (1) (or (2)) and its nonlinear analogue have 
been the object of intensive investigations in recent years. The desired 
criteria are established in Section 3, which generalizes interesting oscillation 
theorems of Ivanov, Kitamura, Kusano and Shevelo [S] for the particular 
equations 
(A) xCn) - ,*$, 4/,(t).fh(XCg,,(f)l) = 0 
and 
(B) dn) + f qdt) .f/,(xCgh(t)l) = 0. 
/I = I
2. PRELIMINARIES 
We begin by formulating preparatory results which are needed for our 
main results given in Section 3. 
Let ik E { 1, 2 ,..., n - 1 }, 1 d k d n - 1, and 1, s E [a, co ). Generalizing 
upon notation introduced by Willett [12], we define: 
I,= 1 
IAl, s, Pik,..., P,,) = J’ PC(u) I,- l(u, s, P,,m ,, . . . . Pi,) du. 
\ 
(5) 
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It is easy to verify that for 16 k <n - 1 
z/At, s, p,,,..., pi,) = ( - l )kzk(s, t, Pj, T..., P&), (6) 
(7) 
For convenience of notation we put 
J;(t, s) = zi(t, s, P, )...) Pi), (8) 
Kj( t, S) = Zi( t, S, P, - 1 )...) p, - j). (9) 
Throughout the paper we assume that the following conditions hold: 
qh, g, E C[ [a, co), R], qh(t) 2 0, and is not identically zero on 
any interval of the form [to, cc), 
t, 2 a, lim gh(t) = co, 1 G h < N, (10) ,--to0 
fh~C[R, R] and z&(u)>0 foru#O, 1 <Zz<N; (11) 
PiECC[a, co), (0, a)1 and s O” P,(s) ds = co, i = 1) 2 )...) n - 1. 
(12) 
The following two lemmas will be needed in the proofs of our results. 
LEMMA 1. Z~XED(L,) thenfor t,sE[a,co)andO<i<n-1 
Di(x, P, )...) P;)(t) - D’(x, P, )...) P,)(s) 
= i (-ly’PiD’(x, P, )...) Pj)(s)zj-i(s,t, Pi )...) P,+l) 
j=i+1 
+(-l)k~i+ljSz~-j(U~ t; Pk,...,Pi+l)Pk+l(ll) 
XDktl(x,P,,..:,Pk+,)dU. (13) 
This lemma is a generalization of Taylor’s formula with remainder 
encountered in calculus. The proof is immediate. 
LEMMA 2. Suppose (13) holds. If x E D(L,) is of constant sign and not 
identically zero for all large t, then there exists t, 2 a and an integer I, 
0 <I < n, with n + I even for xL,x nonnegative or n + 1 odd for xL,x 
nonpositive and such that for every t>t,, I>0 implies 
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x(t)D”(x, P, ,..., Pk)(t)ao on [t,,co) (k=O,l,...,Z-l), and /<n-l 
implies (- l)$,fDk(x, P, ,..., Pk)&o on [t,, a) (k=l,/+l,..., n-l). 
This lemma generalizes a well-known lemma of Kiguradze, and can be 
proved similarly. 
3. MAIN RESULTS 
With g,, 1 <h < N, given, we define the subsets &h and .G&, of [a, co) as 
follows: 
The following four theorems are the main results of the present paper. 
THEOREM 1. Let n 2 3 be odd. Suppose that there are integers i, j and k, 
1 < i, j, k 6 N, and a positive number M such that the following conditions are 
satisfied: 
s K- ,(g,(s), s) q;(s) ds= a> .4 
s, Kn-*(u, T) qi(u) (,“@ P;(z) dT) du= a~, 
u 
(14) 
(15) 
for T sufficiently large. 
s qk(U) 4, ~ I(% T) dz.4 = a 
for T sufficiently large, (16) 
4 
fh( u) is monotonically increasing for JuI z A4 and 
(17) 
h = i, j, k. 
Then all solutions of Eq. (1) are oscillatory. 
THEOREM 2. Let n be even. Suppose that there are integers i and j, 
1 < i, j < N, and u positive number M such that the conditions (14), (15) and 
(17) for h = i, j of Theorem 1 are satisfied. In addition suppose that there is 
an integer k, 1 d k d N, and a positive number m such that 
s K- l(u, gktU)) qktU) du = a; (18) 
Rk 
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fk(u) is monotonically increasing for IuJ 6 m and 
s m du s --m +0fko< *, du <co -0fko (19) 
Then all solutions of Eq. (1) are oscillatory. 
THEOREM 3. Let n be even. Suppose that there are integers i and j, 
1 6 i, j< N, and a positive number M such that the following conditions are 
satisfied, 
1 
a, 
Kn-2(u, T) q,(u) (!*“““’ PI(z) d+ du = GO, 
11 
(20) 
for all T sufficiently large, 
i‘ ,+K-,(u, T)qi(4du=co, T is sufficiently large; (21) 
fh(u) is monotonically increasing for IuJ > M and 
s 00 du --==c co, M f/*(u) h = i, j. (22) 
Then all solutions of Eq. (2) are oscillatory. 
THEOREM 4. Let n 3 3 be odd. Suppose that there is an integer i, 
1 6 i < N, and a positive number M such that the conditions (20) and (22) for 
h = i of Theorem 3 are satisfied. In addition suppose that there is an integer 
k, 1 <k 6 N, and a positive number m such that 
s K- ,(u, gdu)) qdu)  =~0; (23) Rk 
Sk(u) is monotonically increasing for IuI 6 m and 
s 
“1 du 
+of;(u)< co, s 
-mdu< *. 
-0 fk(U) 
Then all solutions of Eq. (2) are oscillatory. 
(24) 
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4. PROOFS OF THEOREMS 
Proof of Theorems 1 and 2. Let x( 1) be a nonoscillatory solution of (1) 
say x(t)>0 for t>,t,>t,. From ( 1 ), &x(t) > 0 so that there is an integer 
I E (0, l,..., n ) such that 1 z n (mod 2) and 
J&x(t) 2 0, O<i<l, 
(-l)i-‘L;x(t)>/O, 
(25) 
l<i<n, 
for all sufliciently large t, say t 3 t, > t, . Let T>, t2 be such that gh(t) > t, 
for t >, T, 1 <h < N. 
First suppose that n = 1. Then integrating (1) and using (25) we have 
n-1 
D’(x; PI)(t)= C (-l)jPID’(x; P ,,..., P,)(T)Z,-,(T, t, Pi ,..., P2) 
I=1 
+(-I)“-‘jll,,(u,t,P,-, ,..., P2) 
I 
x D”(x; P, )...) P,- ,)(u) du 
> 
I 
’ zn-*Ct, 4 pZ~...7 pn- 1) 4it” 
T 
)fk4gi(~)l) h (26) 
for t> T. Take any 7”> T and let Tj=supmaxTG,G..{gi(t), t}. Dividing 
(26) by fi(x(t)) and integrating over [T, Ti], we obtain 
7-1 i(t) 
T f,b(t)) dr 
s 
Tl P,(t) ’ 
3 T L.x(t)) J‘ Tr,-rk u, p2 ?...3 p,-l)c?i(U) 
.J;(x[Is;(u)l) du dt 
= S:; 4it") (juTI P1(t) In-2(fr u, p, ,..., p,-,I 
fi(-xcgi(u)l) dt du 
f;(x(t)) 1 
~~~qi(s)(~~~‘P,(t)I,-,(t, u, Pz,..., P+,,“(;i;f;(;;‘)dt) du 
2 s *~lT,~,q,(u)j,:‘(‘)Pl(r)I,.~,(t, u, P, )...) P,..I) 
(27) 
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Since l=nb3, lim,,, x(t) = cc and the number T in (27) may be chosen 
so large that x(u) > M for u > T. Since f,(x(t)) is increasing for t 2 T, 
h(xCgi(u)l)/!!(x(t)) 3 l f or u 6 t <g,(u), UE dn [T, T’]. From (27) it 
follows that 
I ;ff$gj dt3 Ln CT,T, q1(u) 
X Pi(t),(t, U, P,y..., Pm-,)dt 
! 
dU 
Letting T -+ GO in the above and using (17) we see that 
which contradicts (14). 
Next suppose that 2 6 I < n. In view of (25) we have 
mx; P*)(t) 2 j’ P,(s) ~,-*(t, s, P, ,..., P,- 1) 
T 
x D/(x, P, ,..., P,)(s) ds (28) 
and 
N&P ,,..., P,)W)*mL(u, frP,-I,..., P,,,) 
1 
. D”(x; P, ,..., P,_ ,)(u) du 
= 
s cc In-,-,(4 t, p,-, ,..., P,,,) , 
. sj(4.&CsjWl) du. 
Combining (28) and (29) we have for t 3 T 
wx3 Pl)(t)~lrP,(s)I,-*(r,s, p, t..., P,&,j 
T 
(29) 
pdu,s,P,-l ,...> P,+ 1) q~(u)f;(xCgj(u)l) duds s 
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Thus 
* f’,(s) 1, - ,- ,(u, s, P, ~,,..., PI+ 1) ds 1 
qj(U) pj(XCgj(u)l) du. 
“(X2 PI)(‘) 2jr Zn-~(u> T, f’n- I,..., P2) q,j(U)h(X[gj(U)]) du. (30) 
T 
Take T’>T and let Tj=supmax..,.,{gi(t), t}. We divide (30) by 
jJx( t)) and integrate over [T, Tj], obtaining 
X q,(U) fj(XCgJU)I) dud2 
s 
r, 
= In-Au, T, P,- I,..., Pz) qi(u) 
T 
1” Pl(~)‘(;~;,;:” dt] du 
u 
T 
2 
s 
Zn-Au, T, Pn-,,..., PJ q!(u) 
T 
I” P,(r)‘;(;.$)‘) dt] du 
I, 
. 
>, s ‘n-~(u, T, f’n I,..., f’2) qj(u) .d,n [T.T’] 
. 
Note that lim,, a, x(t) = co since I > 2. We can take T so large that 
X(u) 2 M for u b M. Since f,(X[gj(U)])/fi(X(t)) 2 1 for u d t <gj(u), 
u E 4. n [T, T’], we conclude from (31) that 
s 1, - Au, T, P, ~ ,..., .d,n [T,T’] Pd q,(u) ! [;‘P,(t) dfdu 
which contradicts (15). 
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Now suppose that 1= 1. This is possible only if n is odd. Then it follows 
from (29) that 
~‘(n;~,)(t)3~m~~-~(~,t,P,~,,...,P~)q~(~)fk(xCg~(~)1)d~~, t 
t> T. (32) 
Take any T > T and let T, = sup,, ,< T’ max{ gk(t), t}. Dividing (32) by 
fJx(t)) and integrating over [T, TJ we obtain 
Tk i(t) dt> Tk PI(t) T fk(dt)) ’ s T fk(X(f)) s I
If we suppose that lim, _ ~ x(t) =x0 < co, then it follows from (33) that 
where c is a positive constant. But this contradicts (16) and so we must 
have lim, -t co x(t) = co. In (33) T may be chosen so large that x(t) > M for 
t > T. Then (33) yields 
s Tk i(t) T fktX(t)jdt’ s tJk(U) dkn[T.r’] j”L(u, t, p - I,..., P2) T 
. p (,)fk(xcskw dt 1 “fax(t)) ) 
du 
and letting T + CC and using (17) we are again lead to a contradiction to 
(16). 
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Finally suppose that I = 0, which is possible only if n is even. In this case 
we have 
n-1 
D’(x; P,)(t) - D’(x; PI)(S) = 1 ( - 1 y .- l D’(x, P, ,...) P,)(s) 
j=2 
x I,- I(s, t, pj,..., p2) 
+(-l)“+’ SSr,-,(z& t, P,-I)..., P2) 
I 
xW(x, P, ,..., P,-,)(u)du, 
for s>tgT. Choose T>Tso that g,(t)>,Tfor t>T’, l<h<Nand let 
T* > T’ be fixed. Using (25) and (l), we see from the above that 
-D’(x; PW j=* In-Au, 1, Pn-I,...r PA q,c(~)fMg~(~)l) du * 
for T6td T*. (34) 
Dividing (34) by fJx(f)) and integrating over [T, T*], we obtain 
s T* i(t) dt -- T fk(X(t)) 
5 T* PI(t) j-* b- T fk(X(t)) s 1, ~ 2(u, t, p, ~ 1 ,..., PA qJ~).f,c(~M~)l) dudt f 
= j:‘Yk(u) j; n-2 I (u, t, P,_ 1 ,..., P2) P,(t) .“:“:“;I;;“‘dt du 
Ine2(u, t, P,_, ,..., PJ P,(t).l*(;:‘;l;:‘)dtd~. 
kx 
(35) 
If lim,, m x(t) = x0 > 0 then from (35) we see that 
s 
co 
qk(u)ln-,(u, T,p,-~,...,p,)d~<~ 
T 
which contradicts (18). It follows that lim,, o. x(t) = 0. In (35) T may be 
taken so large that x(u) d m and x[gk(u)] <m for u z T. Noting that 
fk(x[gk(td)]),f,,(X(t)) > 1 for gk(U) < t < U, u E Bk n [T’, T*], We conclude 
from (35) that 
which also contradicts (18). Thus the proof of Theorems 1 and 2 is com- 
plete. 
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Proof of Theorems 3 and 4. Let x(t) be a nonoscillatory solution of 
Eq. (2), say x(t) > 0 for t 3 t, 2 t,. From (2), &x(t) is eventually negative 
and so by Lemma 2, there is an integer 1 E { 0, l,..., IZ - 1 } such that I n - 1 
(mod 2) and 
L,x(t)>O, 06i<l, 
and 
(-1)‘~‘L,x(t)>O, l<i<n, 
for all sufficiently large t, say t > t2 3 t,. Let T> t, be so large that 
gh(t) 2 t, for t > T, 1 6 h < N. 
First suppose that 2 < 16 n - 1. Then we have 
w, P,)(r)~j’P,(s)l,-,(l,S,P, ,..., Pr-,I 
T 
(36) 
. D/(x, P, ,..., P,)(s) ds, t> T, 
and 
D/(x, P, ,..., P,)(t)<jSL -,-,(u, GP, -I,“‘? P,+,)q,(u) 
I 
~f,C4-si(~)l) du, s>t>T. (37) 
A combination of (36) and (37) yields inequality (30) and the subsequent 
proof proceeds exactly as the corresponding part of the proof of Theorem 1 
and 2. 
Next suppose that 1= 1, which is possible only if n is even. From (37) we 
then have 
D’(x; P,)(t)3 jm In-z(u, t, Pn-I,..., Pz) 
, 
X Sj(U)fi(XCSj(U)I) du, 
and from here the proof is the same as the corresponding part of the proof 
of Theorems 1 and 2. 
Finally we consider the case where I = 0. Note that this is possible only if 
n is odd. From the equation 
-D'(x; Pi)(t) > jT* In-&, t, P,_ I,..., Pd I 
xq~b)fdxCg&)l) ds 
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for Td t 6 T*, where T* is sufficiently large. Thus we have obtained 
inequality (34) and from this point on the proof is entirely the same as in 
the corresponding proof of Theorems 1 and 2. This completes the proof of 
Theorems 3 and 4. 
EXAMPLE. By Theorems 14 all solutions of the equations 
(t(t(f(fi)))) fq, lx[t+sin t]l’sgnx[t+sin t] 
and 
(t(f(fi))) + q1 lx[t + sin t]l” sgn x[t + sin t] 
+q2 lx[t-sint]lBsgnx[t-sin t]=O 
are oscillatory provided q1 > 0, q2 > 0, c( > 1 and 0 < /I < 1. We may note 
that Theorems 14 in [5] are not applicable since P,(t) # 1. 
Remarks. 1. If P,(t) = 1, 1 < i 6 n - 1, then our Theorems 14 and 
Theorems l-4 in [S] are the same. 
2. The results obtained here give, in a sense, more complete oscillation 
criteria for 
Lx + 6 2 qi(t)fi(xCgi(t)l) =0, 
i= 1 
(E, 4 
than those given in [6, 8,9, 111, which take into account many different 
cases, as described below: 
If n is even, then all solutions of (E, 1) are oscillatory, and if n is odd, then every 
solution of (E, 1) is either oscillatory or tending monotonically to zero as 
f --) cc. On the other hand, if n is even, then every solution of (E, - 1) is either 
oscillatory or else tends monotonically to infinity or to zero as t + ZS, and if n is 
odd, then every solution of (E, - 1) is either oscillatory or tends monotonically 
to intinity as I * co. 
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